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Abstract. In this paper we establish Hermite-Hadamard type inequalities for 
mappings whose derivatives are s— convex in the second sense and concave. 



1. Introduction 

Let f:/ C R — > M be a convex function defined on the interval / of real numbers 
and a,b E I with a < b. Then 



a 

is known that the Hcrmitc-Hadamard inequality for convex function. Both in- 
equalities hold in the reserved direction if / is concave. We note that Hadamard's 
inequality may be regarded as a refinement of the concept of convexity and it follows 
easily from Jensen's inequality. Hadamard's inequality for convex functions has re- 
ceived renewed attention in recent years and a remarkable variety of refinements 
and generalizations have been found; see, for example see ([5]-|17j). 

Definition 1. ([A ) A function f : [0, oo) — > M is said to be s— convex in the second 
sense if 

f{\x + (1 - X)y) < X'fix) + (1 - A)^/(y) 

for all x,y € [0, oo) , A £ [0, 1] and for some fixed s e (0, 1]. This class of s— convex 
functions is usually denoted by K'^. 

In ([3]) Dragomir and Fitzpatrick proved a variant of Hadamard's ineqality which 
holds for s— convex functions in the second sense: 

Theorem 1. Suppose that f : [0, oo) — > [0,oo) is an s— convex function in the 
second sense ,where s G (0, 1) and let a^b G [0, oo) ,a < b. If f ([a, b]) , then 

the following inequalities hold: 



The constant k — is the best possible in the second ineqality in U.2\) 
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The following results are proved by M.I.Bhatti et al. (see 2 ). 



Theorem 2. Let / :/ CM— )-M be a twice differentiable function on 1° such that 
|/"| is convex function on I. Suppose that a,b €z 1° with a < b and f" G L [a, 6], 
then the following ineqality for fractional integrals with a > holds: 



(1.3) 



/(a) + /(6) r(a + l) 



J:^f{b) + J^^f{a)] 



< 



{b-ay 



f3{2,a + l) 



2{b-a) 

\n^)\ + \nb) 



a + 1 

where jS is Euler Beta function. 

Theorem 3. Let f : I be a twice differentiable function on 1° . Assume 

that p G M,p > 1 such that \ f"\ p-^ is convex function on I. Suppose that a,b £ 1° 
with a < b and f" G L [a, b] , then the following ineqality for fractional integrals 
holds: 



(1.4) 



f{a) + f{b) r(a + l) 



< 



(6 - ay 



2 (6 - a) 
13 p (p + l,ap+ 1) 



^[J:+f{b) + J^^fia)] 



|/"(a)|' + |/"(6)r 



a + 1 

where /3 is Euler Beta function. 

Theorem 4. Let f : I C M. ^ M. be a twice differentiable function on 1° . Assume 
that g > 1 such that |/"|' is convex function on I .Suppose that a,b £ 1° with a < b 
and f" G L [a, b] ,then the following ineqality for fractional integrals holds: 



(1.5) 



/(a) + /(6) r(a + l) 



2{b-a) 



4[J,"+/(6) + J," /(a)] 



< 



a{b ~ ay 



4 (a + 1) (a + 2) 



{mi\f"i-)\' + &\nb)\' 



Theorem 5. Let / :/ CM— >R6ea twice differentiable function on 1° . As.sume 
that p G M,p > 1 with q — such that |/"|'' is concave function on I. Suppose 
that a, 6 G /° with a < b and f" G L [a, b] ,then the following ineqality for fractional 
integrals holds: 



< 



(b^ay 



2{b^ay 
I3p (p + l,ap+ 1) 



a + 1 

where /3 is Euler Beta function. 

We will give some necessary definitions and mathematical preliminaries of frac- 
tional calculus theory which are used further this paper. 

Definition 2. Let f G L[a,b]. The Reimann-Liouville integrals J2+f{x) and 
J^-f{x) of order a > with a >0 are defined by 
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1 (a) J a 

and 



Jb-f{^) ^Tlajl {t-xr-^f{t)dt,x < b 

respectively. Where T{a) — e^^u"^^du is the Gamma function and J^+f{x) — 
Jlf{x)=f{x). 

In the case of a = 1 the fractional integral reduces to the classical integral. 
For some recent results connected with fractional integral ineqalities, (see |18) - 

m)- 

In this paper, we establish fractional integral ineqalities of Hermite-Hadamard 
type for mappings whose derivatives are s— convex and concave. 



2. Main Results 



In order to prove our main theorems we need the following lemma (see [2])- 

Lemma 1. Let / ;/ CR— s>M he a twice differ entiahle function on 1° ,the interior 
of I . Assume that a,b € 1° with a < b and f Cz L[a,b], then the following identity 
for fractional integral with a > holds: 



(2.1) ^^^^^ - §^ [j:.fib) + 



2{a + l) Jo 



t (1 - t") [/" {ta + (1 - t) 6) + /" ((1 -t)a + tb)] dt 



where T{a) — Jq e 



Theorem 6. Let / :/ CM— 5-]R6ea twice differentiahle function on L° and let 
a,b E 1° with a < b and f Cz L [a, b]. Lf |/"| is s— convex in the second sense on L 
for some fixed s G (0, 1], then the following inequality for fractional integrals with 
a > holds: 



(2. 



4^ 



) + /(6) T{a + 1) 



2 r 



< 



jb-a) 
2(a + l) 



2{b-a) 
a 



^[j:+f{b) + J^^f{a) 

+ /3(2,s + l)-/3(a + 2,s + l) 



[\na)\ + \f"{b)\ 



{s + 2){a + s + 2) 
where /? is Euler Beta function. 

Proof. From Lemma [1] since |/"| is s— convex in the second sense on /, we have 
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2 (6 - ay 



< 



< 



ib~a) 



2 „1 



2 (a 


+ 1) 


{b- 


a) 


2 {a 


+ 1) 


{b- 


a) 


2 (a 


+ 1) 


(b- 


a) 


2 (a 


+ 1) 



|i (1 - n\ [\f" {ta +{l-t)b)\ + I/" ((1 -t)a + tb)\] dt 



t(l - n [t^ |/"(a)| + (1 - ty \f"{b)W dt + <(1 - i") [(1 - ty \f"{a)\ + \f"{b)W dt 
Jo 

t^+i (1 - r) + / tii-f^yi-tydt 

Jo 



_(s + 2)(a + s + 2) 
where we used the fact that 



+ /3(2,s + l)-/3(a + 2,s + l) 



[\f"{a)\ + \f"{b)\] 



f t'+^ {1 - f") dt = 
Jo 



a 



(s + 2) (a + s + 2) 



and 

[ t{l - - tydt /3 (2, s + 1) - /? (a + 2, s + 1) 
which completes the proof. 



□ 



Remark 1. In Theorem\^if we choose s = 1 then 12. 2\) reduces the ineqality 11. 3\) 
of Theorem\M 

Theorem 7. Let / :/ CM— >R be a twice differentiable function on 1° . Suppose 
that a,b £ 1° with a < b and f £ i [a, &]. // |/"|^ is s— convex in the second sense 
on I for some fixed s G (0, 1], p,q > 1 then the following inequality for fractional 
integrals holds: 



(2.3) 



f{a) + fib) T{a + 1) 
2 2{b-af 



< 



a + 1 



/3p {p + l,ap + 1) 



[J:+f{b) + J^-f{a)] 
|/"(a)|« + |/"(6)|^ 



where B is Euler Beta function and - + - = 1. 
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Proof. From Lenima[Tlusing the well known Holder inequality and |/"|'' is s— convex 
in the second sense on /, we have 



f{a) + fib) T{a + 1) 



< 



< 



< 



2 

{b-af 



< 



2 (a 


+ 1) 


(b- 


a) 


2 (a 


+ 1) 


[b- 


a) 


2 (a 


+ 1) 


(6- 


o) 


2 (a 


+ 1) 


(b- 





|i (1 - n\ [\r [ta + (1 - t) 6)1 + I/" ((1 -t)a + tb)\] dt 
1 



1 \ ' / 



|/"(ta + (l-t)&)rdn + / \f" {{I - t)a + tb)^ dt 



t,{t^\f"{a)\'^ + {i-ty\r'{b)\^)dt 



s+1 



+ l/»l',iT + l/"(^)l'lTT 



/3p (p + 1, (ip + 1) 



|/"(a)|' + |/"(5)|^ 



where we used the fact that 



t'dt 



s + 1 



\i~tydt^^ 

s + 1 



and 



1 ,.1 

a\P 



tp{i-eydt< / tf(i-i)"Pdt = /3p (p + i,ap + i) 

"'0 



which completes the proof. 



□ 



Remark 2. In Theorem^if we choose s = 1 then h2. 3\) reduces the ineqality ^1.4\ l 
of Theorem\3i 

Theorem 8. Let / :/ C]R^R&ea twice differentiable function on 1° .Suppose 
that a,b ^ 1° with a < b and f £ L[a,b]. If |/"|' is s— convex in the second sense 
on I for some fixed s G (0, 1] and q > 1 then the following inequality for fractional 
integrals holds: 



(2.4) 



2 (6 ~ ay 



< 



a{b — a) 



4(a + l)(a + 2) 

(ir (.+2)r.+s+2) + I/" W (2. + 1) - /3 (a + 2, s + 1)] 2^^) ^ 
(|/"(a)|' [/3 {2s + 1) - /? (a + 2, ,s + 1)] M + ' 
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Proof. From Lemma [U using power mean ineqality and |/"|'' is s— convex in the 
second sense on / we have 

/(a) + /(6) r(a + l) 



< 



< 



< 



(b-a) 



2 (a 


+ 1) 


(b- 


a) 


2 (a 


+ 1) 


{b- 


a) 


2 (a 


+ 1) 


(6- 


a) 


2 (a 


+ 1) 



2 2 (& - ay 

|i (1 - n\ [\r [ta + (1 - t) 6)1 + I/" ((1 -t)a + tb)\] dt 



t{l-t°')dt 



J^til^n\f"ita+{l-t)b)\Ut)' 

+ [jotii-n\nii-t)a+tb)\uty 

+ (/,^ i (1 - r) (1 - i)^ |/"(a)|^ + i^+i (1 - <") I/" rfi) 



< 



(.+2)("+.+2) + I/" Wl' [/3 (2.'^ + 1) - /? (a + 2, . + 1)] j ' 
^ + (ir (a)l' [/3 (2. + 1) - /3 (a + 2, . + 1)] + + |/"(6)|^ (,+,)(^+,+,) 

a (6 — a)^ 



4(a + l)(a + 2) 

(.+2)^+^2) + \nb)\' [/? (2s + 1) - /3 + 2, . + 1)] 2^i±4) ^ 
[/3 (2. + 1) - /? (a + 2, . + 1)] ^ + 13+2)?^^) ' 



where we used the fact that 

r-l 

J-S + 1 







(s + 2)(a + s + 2) 



and 



t (1 - t") (1 - i)" = /? (2s + 1) - /3 (a + 2, s + 1) 
which completes the proof. 



□ 



Remark 3. In Theorem ^ if we choose s = 1 then \2.4^ reduces the ineqality hl.5\) 
of Theorem Q). 

The following result holds for s— concavity. 



Theorem 9. Let f : I C 



be a twice differentiable function on 1° .Suppose 



that a,b € 1° with a < b and f G L[a,b]. If \f"\'^ is s— concave in the second 
sense on I for some fixed s £ (0, 1] and p,q > 1 then the following inequality for 
fractional integrals holds: 



(2.5) 



< 



a + 1 



2{b-ay 
/3p {p+ l,ap+ 1)2^ 



a + b 
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where p + g — 1 '^"■'^ 13 is /3 is Euler Beta function 
Proof. From Lemma [T] and using the Holder ineqality we have 
(2.6) 



f{a) + f[b) T{a + l) 



^[j:+f{b) + J^^fia)] 



< 



< 



< 



(b-aY 



2 (a 


+ 1) 


(b- 


a) 


2 (a 


+ 1) 


(6- 


a) 


2 (a 


+ 1) 



2{b-a) 



\t (1 - r)| [ir (ia + (1 - t) 6)1 + I/" ((1 -t)a + tb)\] dt 



t^il-t^Ydt 



\f"{ta + {\-t)b)\'^ dt 



\f"{{\-t)a + tb)\'^ dt 



tP{l-t°'Ydt 
[S',{t^\I"{ar + {l-ty\f"[br)dty 

+ (/o 

Since \ f"\'^ is s— concave using ineqahty p.2p we get (see [T]) 
\f"{ta+{l-t)h)\Ut<2' 



(2.7) 
and 
(2.8) 

Using dlJl) and (gj]) in dSJ]), we have 

/ (a) + /(6) r(a + l) 
2 2(6 -a)" 



|/"((1 -i)a + i6)|'dt < 2"- 



6 + a 



'J:^f{b) + J^-f{a)] 



a + 1 

which completes the proof. 



[if (p+ l,ap+ 1) 2 1 



f" 



□ 



Remark 4. In theorem (0) z/ we choose s — \ then \2. 5\) reduces ineqality lll.6\) of 
theorem [31 
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